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Topological superfluids protected by mirror and time-reversal symmetries are exotic states of
matter possessing Majorana Kramers pairs (MKPs), yet their realizations have long been hindered
by the requirement of unconventional pairing. We propose to realize such a topological superfluid
by utilizing s-wave pairing and emergent mirror and time-reversal symmetries in two coupled 1D
ultracold atomic Fermi gases with spin-orbit coupling. By stacking such systems into 2D, we discover
topological and Dirac-nodal superfluids hosting distinct MKP flat bands. We show that the emergent
symmetries make the MKPs and their flat bands stable against pairing fluctuations that otherwise
annihilate paired Majoranas. Exploiting new experimental developments, our scheme provides a
unique platform for exploring MKPs and their applications in quantum computation.
Introduction.—Spin-orbit coupling (SOC) plays a cru-
cial role in many topological quantum phenomena of con-
densed matter physics [1, 2]. In ultracold atomic gases,
SOC has been experimentally realized by coupling differ-
ent hyperfine ground states through counter-propagating
Raman lasers [3–13]. Due to their highly controllabil-
ity and free of disorder, the spin-orbit coupled ultracold
atomic gases have opened a broad avenue for exploring
novel topological quantum matter. In particular, the co-
operation of three key ingredients, i.e., SOC, Zeeman
coupling, and s-wave pairing interaction, can produce
effective p-wave superfluids [14–16] that host Majorana
excitations [17–19]. Because of their non-Abelian braid-
ing statistics and potential applications in fault-tolerant
quantum computing [20], topological defects containing
unpaired Majoranas have been extensively studied in
solid-state systems nowadays [21–37].
These superfluids with unpaired Majoranas belong to
class D in the ten-fold way of Altland-Zirnbauer classifi-
cation [38, 39]. Without additional symmetries, the cou-
pling between two Majoranas can lift their zero-energy
degeneracy. Time-reversal (TR) symmetry (T 2 = −1)
can, however, dictate them to form a Kramers doublet,
dubbed Majorana Kramers pair (MKP) [40–43]. Topo-
logical superfluids hosting protected MKPs belong to
a completely distinct symmetry class, i.e., the DIII or
mirror class [42]. Intriguingly, MKPs enjoy symmetry-
protected non-Abelian braiding statistics [44, 45], which
may constitute advantages for quantum computing.
There have been several tantalizing proposals for real-
izing topological superconductors hosting MKPs in solid-
state materials [40–58], such as those proximitized de-
vices exploiting the unconventional s±-wave [41, 58],
dx2−y2-wave [43], or spatially sign-switching pairing [21].
However, these schemes are challenging, as they strongly
rely on the presence of exotic pairing and its fine con-
trol in materials [59]. In this context, ultracold atomic
gases may provide a more controllable platform for ex-
ploring topological superfluids hosting MKPs [42]. In
contrast to extrinsic proximity-induced superconductiv-
ity in solid-state platforms, superfluid orders in ultracold
atomic gases are formed through intrinsic s-wave attrac-
tive interactions. In particular, a superfluid phase may be
destroyed by quantum fluctuations in a 1D chain, there-
fore it is crucial to exploit weakly-coupled 1D chains or
2D/3D arrays to suppress quantum fluctuations. Yet, it
has been shown that couplings between identical class D
(and even class BDI [37]) chains induce edge pairing fluc-
tuations that destroy Majorana modes [60, 61]. Thus,
two questions naturally arise. Can TR-invariant topo-
logical mirror superfluids be realized in ultracold atomic
gases with conventional s-wave pairing? If so, can TR
and mirror symmetries protect MKPs from pairing fluc-
tuations? In this Letter, we address these two impor-
tant questions by showing that the remarkable physics
of TR-invariant topological mirror superfluids and asso-
ciated MKPs can be realized in ultracold atomic gases
by utilizing experimentally accessible s-wave pairing and
synthetic 1D SOC [3–10]. Here are our main findings.
First, although the Zeeman field from Raman coupling
in synthetic SOC breaks TR symmetry in a Fermi gas,
effective TR and mirror symmetries emerge for two cou-
pled gases with opposite Zeeman fields (Fig. 1), which
can be realized by changing the beam profile of one Ra-
man laser from Gaussian to Hermite-Gaussian [62]. The
emergent TR and mirror symmetries, together with s-
wave pairing, can be exploited to realize TR-invariant
topological mirror superfluids [42].
Second, by tuning the Zeeman field strength and chem-
ical potential, our 1D system undergoes various phase
transitions between different phases and the topological
superfluid characterized by a Z2 invariant and the emer-
gence of MKPs. Even though the SOC is 1D, our 2D
system exhibits both topological and Dirac-nodal [63]
superfluids hosting distinct flat bands of MKPs. This
extension strongly suppresses quantum fluctuations that
may destroy the two superfluid phases.
Thirdly, as evidenced by our self-consistent calcula-
tions [64–69], the degeneracies of MKPs and their flat
bands are symmetry protected against pairing fluctua-
tions, which are known to annihilate paired Majoranas
for coupled 1D chains. (All these results also apply to the
3D case.) Therefore, our scheme provides a simple exper-
imentally feasible route for realizing TR-invariant topo-
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FIG. 1: Schematics of proposed experimental setups. (a)
1D SOC generated by two counter-propagating Raman lasers
along ex, i.e., one HG01 beam (red arrow) polarized along
ez with frequency ω1 and one Gaussian beam (blue arrow)
polarized along ey with frequency ω2. The green line shows
the resulting Zeeman field along ey. (b) Two-photon process
induced by the two Raman lasers in (a) with a detuning δ.
logical and Dirac-nodal superfluids, paving the way for
observing MKPs and exploring their non-Abelian statis-
tics [44, 45] and interaction effects [46, 47].
Model.—Consider two coupled 1D Fermi gases of ul-
tracold atoms with the same SOC but opposite Zeeman
fields. (A double-well trapping potential along yˆ is used
to create this system.) As sketched in Fig. 1, the SOC can
be achieved by two counter-propagating Raman lasers
coupling two atomic hyperfine states |1〉 and |2〉. This
setup is the same as those in previous experiments [3–13],
except that one laser beam is changed from Gaussian to
Hermite-Gaussian HG01 mode [62], and can be described
by the Hamiltonian hk = ~2k2/2m+ Ωσz + δσy + 2αkσy
in a rotated basis with |1, 2〉 = (|↑〉 ± i |↓〉) /√2. Here k is
the quasi-momentum in each gas, α is the SOC strength,
δ is the two-photon detuning, and Ω = Ω0y exp
(−y2/w2)
is the position-dependent Raman coupling serving as the
Zeeman field. Given the antisymmetric HG01 beam, the
Zeeman field is opposite at the two gases, which is crucial
for realizing an emergent TR symmetry.
Taking into account the s-wave interaction induced su-
perfluidity, the physics of our 1D Fermi gas system can
be described by the Bogoliubov-de Gennes (BdG) Hamil-
tonian [70] Hk = Ψ
†
kHBdGk Ψk/2 with
HBdGk =
[
ξk + 2α sin k σy − t⊥sx
]
τz + Ωσzsz + ∆τx (1)
expressed in the Nambu spinor basis Ψk = (φk, iσyφ
†
−k).
Here φk=(ck↑,1, ck↓,1, ck↑,2, ck↓,2)T with ckσ,s the fermion
annihilation operators; σ, s, and τ are Pauli matrices
acting on the fermion spin, double chain, and particle-
hole spaces, respectively; ξk = −2t cos k − µ is the intra-
chain kinetic energy with a chemical potential µ, t⊥ is
the inter-chain coupling, and δ = 0 has been chosen for
the detuning. The lattice regularization of the free-space
fermion kinetic energy would not change any essential
physics [70]. Importantly, the Zeeman field Ωσzsz is ex-
actly opposite for the two chains, and the s-wave pair-
ing order parameter ∆ must be self-consistently deter-
mined [64–69]. Diagonalizing the Hamiltonian (1), we
obtain the quasiparticle energy spectrum
E(k) = ±
[
(2α sin k ± t⊥)2 + Ω2 + ∆2 + ξ2k
±2
√
(∆2 + ξ2k)Ω
2 + (2α sin k ± t⊥)2ξ2k
]1/2
, (2)
with two-fold degeneracies at k = 0 and pi due to an
emergent TR symmetry, as we elaborate below.
Symmetry and invariant.—The model (1) has three
independent symmetries that govern the underlying
physics. First, there is an intrinsic particle-hole sym-
metry reflecting the BdG redundancy: PHBdGk P−1 =
−HBdG−k with P = τyσyK and K the complex conjuga-
tion. Second, even though the TR symmetry is explicitly
broken by the Zeeman field within each chain, Eq. (1) is
still invariant under TR followed by chain inversion, i.e.,
T˜ HBdGk T˜ −1 = HBdG−k , T˜ = isxσyK. (3)
Given that T˜ 2 = −1, such an emergent TR symmetry
dictates the Kramers degeneracies found in the spec-
trum (2) at k = 0 and pi. Note that the composite
operation of P and T˜ also leads to a chiral symmetry:
CHBdGk C−1 = −HBdGk with C = PT˜ . Thirdly, the setup
has a mirror symmetry such that the two chains are the
mirror images of each other, i.e.,
MHBdGk M−1 = HBdGk , M = isxσy. (4)
Since the mirror symmetry with M2 = −1 is a spatial
symmetry, naturally [M,O] = 0 with O = P, T˜ and C.
In light of the above symmetry analysis, the Hamilto-
nian (1) belongs to both the DIII class [38, 39] and the
mirror class [42] in topological classification. It follows
that a Z2 index ν [70, 71] and a mirror winding num-
ber γm, with ν = γm mod 2 [42], can both be used for
characterizing the band topology of model (1).
We find that the transitions between topologically dis-
tinct phases occur at the phase boundary where
ξ2k + ∆
2 = Ω2, 4α2 sin2 k = t2⊥. (5)
For t⊥ = 0, the quasiparticle gap closes at k = 0, and the
phase boundary reduces to that of single-chain superflu-
ids [22, 23]. For a finite t⊥, the quasiparticle gap closes
at a finite k, and the critical Zeeman fields read
Ω± = [(2t
√
1− t2⊥/4α2 ± µ)2 + ∆2]1/2. (6)
Applying the established formulas for ν [70, 71] and
γm [42] to Eq. (1), we conclude that
ν = γm =
{
1 if Ω− < |Ω| < Ω+ ,
0 otherwise .
(7)
Our model in the nontrivial regime realizes not only
a TR-invariant topological superfluid but also the first
topological mirror superfluid [42] in degenerate gases.
3FIG. 2: (a) Phase diagram in the Ω-µ plane, symmetric with
respect to µ = 0 and Ω = 0. The contour plot shows the site-
averaged pairing 〈∆〉 in the normal superfluid (N), topological
superfluid (T), metal with SOC (M), polarized insulator (I),
and trivial vacuum (V). The dotted red lines are the phase
boundaries determined by Eq. (5). (b) Phase transitions along
the white dotted line in (a). The black solid (red dotted) lines
denote the first (second) quasiparticle excitation states (ES)
in the spectrum, both of which are two-fold degenerate. (c)
Probability distributions of the left (L) and right (R) MKPs
at the red cross in (a).
∑
i PL(i) =
∑
i PR(i) = 2 are the
hallmarks of MKPs. α = 1 and t⊥ = 0.5 are used in (a)-(c).
Self-consistent phase diagram.—In ultracold atomic
gases, the local s-wave pair potential in real space must
be determined in a self-consistent manner [64–69], to-
gether with the quasiparticle energies and wave functions.
In our numerical calculations [70], the chemical potential
is fixed without loss of generality, and the open boundary
condition is used for the purpose of observing MKPs. We
choose L = 120 as the length of chain, t as the energy
unit, and 〈∆〉 = ∑i |∆i|/L as the pairing strength.
Figure 2(a) plots the phase diagram in the Ω-µ plane,
which is symmetric with respect to µ = 0 and Ω = 0. Ev-
idently, the numerical phase boundaries are in good har-
mony with those determined by Eq. (5). In total, there
are five distinct phases: the normal superfluid, topologi-
cal superfluid, metal with SOC, polarized insulator, and
trivial vacuum. The vacuum state occurs when |µ| is
too large to cross the single-particle bands. The system
becomes the polarized insulator near |µ| = 0 if the Zee-
man field strength |Ω| is sufficiently large; each lattice
site per chain is occupied by one fermion of the same po-
larization. At relatively smaller |Ω| and |µ|, superfluidity
spontaneously emerges with a finite bulk pairing gap for
quasiparticle excitations. In this regime, whereas it is
the normal superfluid without any boundary zero mode
if both |Ω| and |µ| approach zero, it becomes the topo-
logical superfluid with two degenerate zero modes per
boundary, i.e., the MKP, if |µ| approaches to the original
band degeneracies and if |Ω| > Ω− as required in Eq. (7).
As |Ω| further increases, the superfluidity gradually van-
ishes, and the metal phase emerges with an excitation
gap scales linearly with 1/L.
Figure 2(b) with µ = −2 features the most appealing
part of the phase diagram, where there are two successive
FIG. 3: (a) Phase diagram in the Ω-∆ plane for the 2D
model (8). The red, green, and blue regions denote the nor-
mal (N), topological (T), and Dirac-nodal (D) superfluids,
respectively. (b) Bulk quasiparticle spectrum for the Dirac
superfluid labeled by the red star in (a). Each Dirac point is
indexed by a winding number γt = ±1. (c)-(d) Quasiparticle
spectrum with MKP edge flat bands under open boundary
condition for the Dirac and topological superfluids labeled in
(a). t1 = t2 = 0.5, α = 1, and µ = −2 are used in (a)-(d).
phase transitions as Ω increases from 0. The first tran-
sition occurs at Ω = Ω−: the normal superfluid turns
to the topological superfluid with the emergence of one
localized MKP per boundary, as shown in Fig. 2(c). As
Ω becomes stronger, the pairing strength 〈∆〉 becomes
weaker. Eventually at the second transition, 〈∆〉 van-
ishes and the system enters into the metal phase with
gapless single-particle excitations.
2D topological superfluids.—By stacking our double
chains, we can obtain exotic 2D and 3D topological su-
perfluids protected by the emergent TR and mirror sym-
metries. The extension to higher dimensions can suppress
quantum fluctuations and stabilize long-range pairing or-
ders. We focus on the 2D case [70], and the 3D gener-
alization is straightforward. The staggered Zeeman field
switches sign between neighboring chains along yˆ. This
setup can be described by the BdG Hamiltonian
HBdGk =
[
ξkx + 2α sin kx σy − (t1 + t2 cos ky)sx
−t2 sin ky sy
]
τz + Ωszσz + ∆τx, (8)
where t1 and t2 are the alternating inter-chain couplings
along yˆ. Such a system has an emergent property
T˜ HBdG(kx, ky) T˜ −1 = HBdG(−kx, ky), (9)
i.e., the system respects the TR symmetry in Eq. (3) and
belongs to class DIII with a Z2 invariant νky for any ky,
which is an anomalous pumping parameter [44].
Consequently, there can be three distinct phases for
Eq. (8). Whereas the superfluid is normal if νky = 0 for
4any ky, an unprecedented topological superfluid emerges
if νky = 1 for any ky. Remarkably in the topological
phase, there emerges a flat band of MKPs at the edge
along yˆ, because there is a MKP corresponding to the
nontrivial Z2 invariant for any ky. (This edge flat band
is a consequence of the bulk topological property, and the
band flatness is protected by the TR and mirror symme-
tries, although the edge flat band itself may be trivial [72]
if treated as a 1D system.) Intriguingly, if ν0 6= νpi, a
nodal superfluid emerges. As the Z2 invariant changes
from ky = 0 to ky = pi, the bulk gap must close at at
least one ky in between 0 and pi, separating the ν = 0
and ν = 1 regimes, and a flat band of MKPs emerge
between the projected nodes [63] at the edge along yˆ.
Figure 3(a) illustrates a representative phase diagram
in the Ω-∆ plane. Indeed, all three phases emerge and
the nodal superfluid intervenes the normal and topo-
logical ones. Surprisingly, we find that the nodes are
Dirac points with linear dispersions and topological pro-
tections. Diagonalizing Eq. (8) yields the phase bound-
aries and the Dirac point positions, as determined by
ξ2kx + ∆
2 = Ω2, 4α2 sin2 kx = t
2
1 + t
2
2 + 2t1t2 cos ky. (10)
The Dirac points are two-fold degenerate and come in
multiples of four, as dictated by the T˜ andM symmetries
that respectively flip kx and ky. Moreover, any loop en-
closing one such Dirac point has a total winding number
γt = ±1 [63], protected by an emergent chiral symmetry
C˜ HBdGk C˜−1 = −HBdGk , C˜ = τyσy . (11)
Figure 3(b) displays the four Dirac points and their γt’s
accordingly. Figures 3(c) and 3(d) contrast the MKP
edge flat bands in the Dirac-nodal and topological super-
fluids.
Discussion.—It is instructive to consider the stability
of MKPs and their flat bands in our proposed scheme.
For an array of topological superfluids without the T˜ and
M symmetries, it is known that Majoranas interactions
spontaneously produce nonuniform pairing fields ∆je
iφj
and edge supercurrent loops [61]. Since the phase fluc-
tuations cannot be gauged away, the Majoranas can be
gapped out in pairs. Neglecting long-range interactions,
the Majorana annihilation is governed by the nearest-
neighbor Josephson couplings as follows [60]:
δH=−
∑
〈ij〉[J0 cosφij + iJijγiγj sin(φij/2)], (12)
with J0, Jij > 0 and φij = φi − φj . While the first term
favors a global phase coherence, the second term splits
the Majorana zero modes through phase fluctuations.
In sharp contrast, the MKP flat bands of our sys-
tem are robust against such phase fluctuations. This
can be best understood from the symmetry perspec-
tive. Under the M operation, the local pairing term
E1-8
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FIG. 4: (a) Self-consistent quasiparticle spectrum for the
100 × 8 lattice model. The red lines denote the eight lowest
quasiparticle excitation states. (b) Vector plot of the local
pairing fields ∆je
iφj for Ω = 1.1. The length (direction) of
each arrow denotes the strength (phase) of the local pairing
field. t1 = t2 = 0.5, α = 1, and µ = −2 are used in (a)-(b).
∆ie
iφici↑ci↓ becomes ∆ieiφici+1↑ci+1↓ since the sublat-
tice and spin indices in Eq. (8) are simultaneously flipped.
For the Josephson coupling, the Jij-term must vanish as
φi = φi+1 is dictated by mirror symmetry.
Our self-consistent calculations also agree with such a
symmetry argument. Fig. 4(a) plots the BdG spectrum
for a 100 × 8 lattice model of Eq. (8). Consistent with
Fig. 3(a), the system undergoes two transitions as the
Zeeman field increases: from a normal superfluid to a
topological one and eventually to a metal phase with
〈∆〉 = 0. (Dirac points are absent due to the finite
size effect.) The topological phase hosts eight-fold de-
generate zero modes on the boundary along yˆ, forming
a MKP flat band that is also stable against the t1-t2
anisotropy. These remarkable features suggest that our
proposed scheme is superior to previous ones.
Finally, a few comments are in order on relevant exper-
iments. In the 2D setup, the Zeeman field switches sign
between neighboring chains of distance b. This can be re-
alized through the periodic modulation Ω1 ∼ cos (piy/b)
for one Raman laser. Such a modulation can be pro-
duced by a digital micromirror device [70, 73, 74], which
can generate an arbitrary modulation of laser inten-
sity. This setup can be generalized to a 3D lattice with
Ω1 ∼ cos (piy/b) cos (piz/c), where a boundary MKP flat
band is anticipated. Our scheme of restoring TR symme-
try via a spatial reflection can be generalized to various
different systems, where the SOCs have been realized for
other types of pseudospin states [75–78].
The MKPs can be experimentally detected using spa-
tially resolved radio-frequency spectroscopy [70, 79–83],
which measures the local density of states, similar to
scanning tunneling microscope. Different from a single
Majorana mode, the intrinsic two-fold degeneracy of a
MKP can be further affirmed from the energy splitting
and spatial separation of two Majoranas due to symme-
try breaking [70], which can be induced by the imbalance
of Ω between the two chains. Our results not only pro-
vide a simple experimental scheme for realizing mirror-
and TR-invariant topological and Dirac-nodal superfluids
5but also establish a unique platform for exploring MKPs
and their applications in quantum computation.
Note added.—Near the submission of this manuscript,
we became aware of an independent work [84] that ex-
plores MKPs in double semiconductor nanowires with
proximity-induced s-wave pairing and ad hoc opposite
Zeeman fields. While pairing fluctuation, mirror sym-
metry, Dirac phase, and flat band are not discussed in
Ref. [84], the results based on the emergent time-reversal
symmetry in the two works agree with each other.
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Topological Invariant and Mirror Symmetry
In the main text, we have derived the Z2 topological invariant ν directly using the mirror symmetry M. Here, we
give more details on the construction of this Z2 invariant, which classifies time-reversal (TR) invariant topological
superfluids in 1D and 2D.
I. 1D Case
The mirror symmetry M is a spatial symmetry with M2 = −1. As [M,HBdGk ] = 0, the Hamiltonian can be
decomposed into two sectors, with each sector belonging to a specific subspace labeled by one of the two mir-
ror eigenvalues ±i. Mathematically, the 8 × 8 Hamiltonian Eq. (1) in the main text can be block-diagonalized as
U1HBdGk U†1 = h(k)⊕ h∗(−k) by the transformation U1 such that U1MU†1 = i diag(I4×4,−I4×4) and h(k) reads
h(k) =

−ξk + Ω −iαk ∆ 0
iαk −ξk − Ω 0 ∆
∆ 0 ξk + Ω iαk
0 ∆ −iαk ξk − Ω
 , (13)
with ξk = −2t cos k − µ, αk = 2α sin k − t⊥. As the eigenvalues ±i switch signs under the individual action of
anti-unitary TR or particle-hole operator, each eigen-block has neither TR nor particle-hole symmetries, whereas
it remains invariant under the co-action of these two symmetries, i.e., the chiral symmetry C. Thus, each mirror
eigen-block belongs to the AIII symmetry class in the Altland-Zirnbauer table [42], labeled by opposite 1D winding
numbers [42]. The latter is because the two eigen-blocks are related by the TR symmetry. To see this fact, consider
|φ〉 as an eigenstate of M with mirror eigenvalue i. Since M(T˜ |φ〉) = T˜ M|φ〉 = T˜ (i|φ〉) = −iT˜ |φ〉, T˜ |φ〉 is also an
eigenstate of M but with mirror eigenvalue −i.
Now we focus on the h(k) sector. The chiral symmetry operator can be chosen as CM=i = τy ⊗ σy with
{CM=i, h(k)} = 0. To construct the topological invariant, we can chose a unitary transformation U2 such that
U2CM=iU†2 = diag(I2×2,−I2×2). In this new basis, h(k) can be rewritten in the off-diagonal form as follows:
U2h(k)U
†
2 =
(
0 g(k)
g†(k) 0
)
, g(k) =
(
ξk − Ω −∆− iαk
∆ + iαk ξk + Ω
)
. (14)
With the evolution of k from 0 to 2pi, the trajectory of the complex function z(k) ≡ det g(k) forms a closed curve on
the cylinder, characterized by the following winding number
γ+ =
1
2pii
∮ 2pi
0
dz(k)
z(k)
. (15)
If we take into account both mirror subspaces, the Z2 topological invariant can be formulated as ν = γ+ mod 2,
consistent with a previous theory [42]. Note that the TR symmetry requires the winding numbers to be opposite for
the two mirror subspaces: γ+ = −γ−; by defining γm = (γ+ − γ−)/2 we obtain ν = γm mod 2.
An intuitive view of the trajectories of z(k) in different phases is illustrated in Fig. 5. The system is a normal
superfluid when |Ω| < Ωc1 . The evolution of k from 0 to 2pi results in a contractible path on the cylinder surface
[Fig. 5(a)], indicating ν = γm = 0. For the TR invariant topological (mirror) superfluid with Ωc1 < |Ω| < Ωc2 , the
path is non-contractible around the cylinder [Fig. 5(b)], indicating ν = γm = 1. Further increasing Zeeman field to
|Ω| > Ωc2 , the system reenters into the normal superfluid phase with a contractible path [Fig. 5(c)]. The validity of
the Z2 invariant ν has been further confirmed by the quasiparticle spectrum under the open boundary condition. For
topological superfluid, there exists a pair of degenerate zero modes, i.e., Majorana Kramers pair (MKP), localized on
each end due to the TR symmetry. For normal superfluid, no zero modes emerge in the bulk gap.
II. 2D Case
For the 2D Hamiltonian Eq. (8) in the main text, the TR symmetry is T˜ HBdG(kx, ky)T˜ −1 = HBdG(−kx, ky),
which relates (kx, ky) and (−kx, ky). For each ky, the effective 1D system belongs to the symmetry class DIII, which
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FIG. 5: Winding of z(k)/|z(k)| in different phases. (a) Normal superfluid, Ω = 0.5. (b) TR invariant topological superfluid,
Ω = 2. (c) Normal superfluid, Ω = 5. We have used µ = −2, ∆ = 1, t = 1, α = 1, and t⊥ = 0.5; the phase boundaries [see
Eq. (6) in the main text] are Ωc1 ≈ 1.002 and Ωc2 ≈ 4.0615.
is characterized by a Z2 invariant νky . As a consequence, there exist three topologically distinct superfluid phases: Normal superfluid, vky = 0 for all ky;TR-invariant topological superfluid, vky = 1 for all ky;
Dirac-nodal superfluid, vky = 0 or 1.
(16)
For a TR invariant topological superfluid, there emerge MKP edge flat bands from ky = −pi to pi in the open boundary
condition. The Dirac-nodal superfluid is gapless, whereas the 1D Brillouin zones at fixed ky values are divided into
several topologically distinct regions, labeled by either νky = 0 or νky = 1. The bulk gap must close at the Dirac
points, and these Dirac points can be regarded as topological phase transition points for the effective 1D models.
Thus, in the open boundary condition, there are MKP edge flat bands connecting the projected Dirac points. Totally,
there are four Dirac points as dictated by both the TR and mirror symmetries.
Validity of the double-chain Model
Our primary model Eq. (1) in the main text describes two coupled 1D Fermi gases experiencing the same spin-orbit
coupling (SOC) but opposite Zeeman fields introduced by the Hermite-Gaussian beam. To generate the double-chain
structure, a double well trapping potential along the y direction is needed. The tunneling t⊥ between the two Fermi
gases (i.e., the kinetic energy along the y direction) depends on the depth of the double well trapping potential in the
y direction, which is tunable. In the following, we show the validity of the tight-binding model Eq. (1) in the main
text and provide the details of our calculations and estimations. Since the realized SOC αkxσy is intrinsically 1D,
the movements along the x and y directions are independent. The dynamics along the y direction is governed by the
following single-particle Hamiltonian:
Hy = −
~2∂2y
2m
+ Ω(y)σz + Vtrap(y). (17)
Here Ω(y) = Ω0ye
−y2
w2 is the effective Zeeman field induced by the Hermite-Gaussian beam. The trapping potential
along the y direction can be approximately described by Vtrap(y) =
1
2mω
2
yy
2 + V0 cos
2(k0y), although in practice a
double well optical lattice can be used. We numerically solve the eigenstates of Hy, with the lowest two-fold degenerate
eigenstates shown in Fig. 6.
Obviously, the ground state mainly resides on the potential minimum for each spin species, validating our tight-
binding approximation in the y direction. A rough approximation of t⊥ can be obtained from the 1D Mathieu equation
t⊥ ≈ 4√pi ( V0Er )3/4e
−2( V0ER )
1/2
= 0.224ER. The Zeeman field Ω(y) can be controlled by tuning the Hermite-Gaussian
beam. Note that in our simulation the condition of large Ω(y) is not needed for the tight-binding approximation,
although a large Zeeman field indeed tends to localize the two ground states at the potential minima.
Continuum model
For the dynamics along the x direction (with 1D SOC), we have considered a lattice model as described by Eq. (1)
in the main text. This lattice regularization does not change the essential results. In this section, we consider the
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FIG. 6: Effective potentials Vσ(y) = Ω(y)σz +Vtrap(y) in units of ER and ground state probabilities for spin-up and spin-down
atoms. Typical experimental parameters of 40K atoms are used. k0 = 2pi/λ with λ = 680 nm, ER = 2pi~× 10.8 kHz. For the
harmonic trap, ~ωy = 0.02ER; for the dipole trap, V0 = 2ER. Ω0 = 0.2k0ER. The waist of the Hermite-Gaussian beam is
2piw = 100λ.
continuum version of the 1D BdG Hamiltonian and demonstrate the phase diagram and the emergence of MKPs in
the TR invariant topological (mirror) superfluid. As we shall see, the essential physics of the continuum model is the
same as that in the lattice model (as shown in the main text).
I. Phase diagram
In the same Nambu basis, the spin-orbit coupled double Fermi gases can be described by the following continuum
model Hamiltonian
HBdGcontinuum(k) =
[
~2k2
2m
− µ˜+ 2αkσy − t⊥sx
]
τz + Ωσzsz + ∆˜τx. (18)
Here k is the particle momentum along x direction, µ˜ is the chemical potential, and α = ~2kr/2m is the SOC
strength, with kr the recoil momentum [8, 9]. The lattice model Eq. (1) in the main text can be obtained from the
above continuum model via the standard substitution: sin k ↔ k, cos k ↔ 1 − k2/2. The pairing order parameter is
defined as ∆˜ = g
∑
k〈c−k↓ck↑〉, with g (< 0) the attractive inter-particle interaction. The transverse tunneling t⊥ can
be tuned by adjusting the trap depth in the y direction. For simplicity, we take the recoil energy Er = ~2k2r/2m and
the recoil momentum kr as natural energy and momentum units (or equivalently by setting ~ = 2m = 1 in Eq. (18)).
For the above continuum model Hamiltonian, the transition between the topological and normal superfluids (i.e.,
the condition for gap closure) is determined by the critical Zeeman field strength
Ωc =
√
(
t2⊥
4
− µ˜)2 + ∆˜2 . (19)
For Ω < Ωc the superfluid is normal, whereas for Ω > Ωc, the superfluid is topological and hosts MKPs on its
boundary. Now we self-consistently calculate the phase diagram of the continuum model. At zero temperature, the
thermodynamical potential ΩTP = −(1/β) log Tre−β[
∑
kH
BdG
continuum(k)−µ˜N ] (with β = 1/kBT ) reduces to
ΩTP =
∑
k
(k2 − µ˜) +
∑
En,k<0
En,k − |∆˜|
2
g
. (20)
Here En,k is the n-th eigenenergy of H
BdG
continuum(k). The phase diagram can be analytically obtained by minimizing
ΩTP with respect to the order parameter ∆˜, i.e., ∂ΩTP/∂∆˜ = 0. However, due to its complexity, we extract the phase
diagram numerically. Note that we should take µ˜ = µ+ 2 to compare with the phase diagram of the lattice model in
the main text. (For k = 0, the kinetic energy is −2 in the lattice model yet 0 in the continuum model.)
The phase diagram in Ω− µ˜ plane is illustrated in Fig. 7(a), which is quite similar to that of the lattice model [see
Fig. 2(a) in the main text], especially in the low-energy regime (i.e., small µ˜). Besides the vacuum phase (V) and metal
phase (M) with vanishing pairing, there are two types of superfluid phases with finite pairing order parameters ∆˜.
11
FIG. 7: (a) Phase diagram of the continuum model. The dashed magenta line denotes the critical Zeeman field Ωc determined
by Eq. (19). The dotted cyan lines mark the phase boundaries with reference pairing |∆˜| = 0.05. Totally there are four different
phases: vacuum phase (V), normal superfluid (N), topological superfluid (T) and metal phase (M). (b) Band crossings at the
phase transition point shown by “×” in (a); µ˜ = 0, Ω ≈ 0.68, and t⊥ = 0.5.
The topological superfluid (T) resides between the normal superfluid (N) and metal phase, with the critical Zeeman
field strength Ωc determined by Eq. (19). Note that, due to the lack of lattice, there is no band insulator phase.
The quasiparticle spectrum at the phase transition point between the normal and topological superfluids is shown in
Fig. 7(b), where the central two bands cross at k = ±t⊥/2.
II. Emergence of MKPs on the boundary
The topological properties of the above TR-invariant topological superfluid phase are characterized by the appear-
ance of MKPs on the boundary. This can be easily demonstrated by self-consistently solving the following real-space
BdG equation:
HBdG(x)Ψn(x) = EnΨn(x), (21)
where Ψn(x) ≡ [u1↑n (x), u1↓n (x), u2↑n (x), u2↓n (x), v1↑n (x), v1↓n (x), v2↑n (x), v2↓n (x)]T is the eight-component wave function
of the real-space Hamiltonian HBdG(x) obtained by the substitution k → −i∂x in the momentum-space Hamilto-
nian Eq. (18). The local pairing of each Fermi gas (s = 1, 2) is represented by ∆˜s(x) = g
∑
n[u
s↓
n v
s↑∗
n f(−En) +
us↑n v
s↓∗
n f(En)]. Here f(x) = 1/(e
x/kBT + 1) the Fermi distribution function, and at zero temperature it reduces to
the Heaviside step function.
To examine the existence of MKPs in the topological superfluid, we employ an open boundary condition at x = 0
and x = L. The wave function can be expanded by a set of base functions as follows:
us↑n =
∑
m
As↑nm
√
2
L
sin(
mpix
L
), us↓n =
∑
m
As↓nm
√
2
L
sin(
mpix
L
),
vs↑n =
∑
m
Bs↑nm
√
2
L
sin(
mpix
L
), vs↓n =
∑
m
Bs↓nm
√
2
L
sin(
mpix
L
). (22)
To obtain the eigenspectrum of Eq. (21), we diagonalize the Hamiltonian (of size 8Nc × 8Nc) in the chosen basis. In
our calculations, the truncation number of the basis is Nc = 100.
The quasiparticle spectrum in the open boundary condition is plotted in Fig. 8(a). There exist four-fold degenerate
zero modes in the bulk pairing gap due to the TR and particle-hole symmetries and the existence of two ends. Take
the n = 4Nc + 1 state as an example, the wave function is mainly localized at the two ends (x = 0 and L), as seen
in Fig. 8(b). By contrast, for a normal superfluid, the quasiparticle spectrum is fully gapped without any in-gap zero
mode. All these results clearly show that the essential physics is much the same for the lattice model considered in
the main text and the continuum model discussed here.
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FIG. 8: (a) Quasiparticle spectrum in the open boundary condition, with four-fold degenerate zero modes. (b) Spatial distri-
bution of wave function Ψn(x) with n = 4Nc + 1. Here t⊥ = 0.5, µ˜ = 0, Ω = 1, and Nc = 100.
Digital micromirror device and application
In this section, we explain how to obtain the desired laser fields using the digital micromirror device (DMD). The
basic principle is sketched in Fig. 9.
Fourier Plane
𝑓 𝑓
Incoming beam
DMD
Imaging Plane
Lens
FIG. 9: Schematics of holographic shaping of laser beams.
DMD is an optomechanical spatial light modulator, consisting of many square mirrors. Each mirror can be individ-
ually switched between two tilt states (+12 “on” and −12 “off” orientations) and acts as a basic diffractive element
under coherent illumination due to its small size. The 2D mirror array forms a reflective grating. The DMDs are
employed holographically in the Fourier plane of an imaging system, which enables both local amplitude and phase
control simultaneously despite that the direct DMD modulations is binary in intensity. The incoming light is not only
reflected into one of the two directions, but it also has a number of diffraction orders. For the m-th diffraction order
(in the y direction), the outgoing light field of a single slit of width a centered at y0 is
Eout = Ein
sin(pima)
pim
ei2pimy0 . (23)
It is clear that by shifting the slits relative to some reference point, the phase of the diffracted wave fronts can be
tuned, while the intensities of the outgoing beams are determined by the width of the slits. Applying these phase and
amplitude modifications locally, arbitrary wave fronts can be generated in this way. The downside of the above DMD
setup is its relatively low efficiency in laser power. This can be optimized by fulfilling the so-called blazing condition
and increasing the intensity of incoming beams. Currently, the DMD-generated laser beams have been widely used
to address individual atoms in optical lattices and to manipulate their dynamics.
Experimental detection of MKPs
In this section, we discuss how to detect the MKPs in the topological superfluid phase using the spatially resolved
radio-frequency spectroscopy [79–83]. The radio-frequency (rf) field is a probe field to induce single-particle excitation
from the fermionic state to an unoccupied fluorescent probe state. The rf signal is directly related to the local density
of states (LDOS), similar to that of scanning tunneling microscope. The LDOS for the chain-s contains both spin
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components ρs(j, ω) = ρs↑(i, ω) + ρs↓(i, ω). In the BdG representation,
ρsσ(j, ω) =
1
2
∑
η
|usση (j)|2δ(ω − Eη) + |vsση (j)|2δ(ω + Eη). (24)
We numerically calculate the LDOS for the double-chain lattice system (Eq. (1) in the main text) under a weak
harmonic trapping potential V (j) = w2x(j − L+12 )2. For wx  1, i.e., the characteristic length of the harmonic trap
is march larger than other length scales, local density approximation (LDA) µ(j) = µ− V (j) can be used to analyze
the local excitations in real space.
The main results are shown in Fig. 10. The harmonic trap separates the system into topologically distinct regions:
TR-invariant topological superfluid around the trap center and normal superfluids at the two wings. The boundary
between two spatially separated phases is approximately determined by substituting µ→ µ(j) in Eq. (6) in the main
text. According to bulk-boundary correspondence, a MKP emerges at each topological boundary. Note that due
to the finite length of the system, the MKPs at the two boundaries slightly hybridize and form quasiparticle levels
(two-fold degenerate) and quasihole levels (two-fold degenerate). We denote the wave functions of the degenerate
quasiparticle levels as φa = (u
1↑
a , u
1↓
a , u
2↑
a , u
2↓
a , v
1↑
a , v
1↓
a , v
2↑
a , v
2↓
a ) (a = I, II). Fig. 10(a) plots their spatial distributions,
which are localized on the boundaries between the topological superfluid and normal superfluids. Furthermore, as
verified by our numerics, the two-fold degenerate quasiparticle states are related by the TR symmetry as: φII = T˜ φI
and φI = −T˜ φII. In the form of their components, u1↑I = u2↓II , u1↓I = −u2↑II , u2↑I = u1↓II , and u2↓I = −u1↑II . Note that the
wave functions can always be chosen as real since the real-space BdG Hamiltonian is real.
FIG. 10: (a) Wave functions of the MKP related by TR symmetry. (b) LDOS ρ1(j, ω) for chain-1. (c) Spin-resolved LDOS
ρ1↑(j, ω). (d) Spin-resolved LDOS ρ1↓(j, ω). For (a)-(d), Ω = 1. (e) Quasiparticle spectrum versus TR breaking Zeeman field
h. (f)-(h) LDOS
∑2
s=1 ρs(j, ω) for three typical h values, as labeled by “cross” in (e). The harmonic trapping potential is
wx = 0.025, and other parameter values are the same as those used in Fig. 2(c) in the main text: α = 1, t⊥ = 0.5, and t = 1
(set as the energy unit).
The above (hybridized) MKPs can be read out directly from the LDOS (note that ρ1(j, ω) = ρ2(j, ω) because
of the TR symmetry), as illustrated in Fig. 10(b). These zero-energy states localized at the topological boundaries
are protected by the pairing gap. For the chain-1, the spin-resolved LDOS is shown in Figs. 10(c)-(d). (For the
chain-2, ρ2↑(j, ω) = ρ1↓(j, ω) and ρ2↓(j, ω) = ρ1↑(j, ω)). Our numerics show that these zero-energy states are mainly
composed of the spin-up component for the chain-1 and spin-down for the chain-2, indicating the emergent effective
TR symmetry of the system.
Further, the above LDOS signatures of MKPs are intrinsically different from that of a single Majorana mode. To
reveal its double degeneracy, we note that the existence of MKPs are protected by TR symmetry, which would be
broken by adding a small Zeeman field hσz (equal for both chains). In our experimental scheme, the TR-invariant
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staggered Zeeman field Ωszσz is generated by the Hermite-Gaussian beam. The TR-breaking Zeeman field can be
easily induced by shifting the system along the y direction. The quasiparticle spectrum is shown in Fig. 10(e). For
small h, the lowest quasiparticle excitation is still two-fold degenerate, however the boundary Majorana pair start to
separate spatially: one of them moves toward the trap center while the other one moves toward a trap wing slowly
[Fig. 10(f)]. At a critical strength h ≈ 0.36, two Majorana modes coming from the MKPs of different sides collide
in the trap center [Fig. 10(g)] and annihilate each other, leaving only one Majorana mode on each wing with further
increasing h [Fig. 10(h)].
The above spatial separation of the MKPs in a harmonic trap can be analyzed using the LDA. From the bulk-edge
correspondence, the Majorana zero modes should emerge at the boundary between topologically distinct regions,
which is determined by the gap closure condition. We start from the uniform system. With an applied Zeeman field
(the total Hamiltonian is HBdGk + hσz), the gap closure conditions are given by (ξk = −2t cos k − µ):
ξ2k + ∆
2 + (t2⊥ − 4α2 sin k2)− h2 = Ω2, (25)
4α2 sin2 k −∆2 +
√
(4α2 sin2 k + ∆2)2 + 4ξ2kh
2
2
+ h2 = t2⊥. (26)
Obviously, in the limit of h→ 0, the above conditions reduce to the TR invariant case (see Eq. (5) in the main text).
We locally substitute µ by µ(j) = µ − V (j) in the above two equations for the harmonic trap case, from which the
positions of the zero modes can be determined. In Fig. 11, we plot the positions of the split Majorana modes as a
function of h by numerically solving the gap closure conditions. At h = 0, there is one MKP distributed at each
side symmetrically. With increasing h, we can find two solutions for each side, corresponding to two split Majorana
modes from the same MKP. The numerical solutions agree well with the LDOS pictures shown in Fig. 10(f-h). The
splitting becomes faster at larger h, and finally at the critical Zeeman field only one solution survives, consistent with
the annihilation of two Majorana modes at the trap center.
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FIG. 11: Spatial splitting of a MKP into two Majorana zero modes in a harmonic trap under a Zeeman field h. The positions
of these zero modes (red lines and blue dotted lines) are determined by Eq. (25) and (26) with the parameters from the
self-consistent BdG calculations. At h = 0, there is one MKP at each side. x0 denotes the original position of a MKP.
It is worth to mention that, although in general it is hard to write the dependence of µ on h in an explicit form
analytically, we can analyze the splitting of the MKP for a small h. Denote the original position of the MKP in a
harmonic trap as x0. From Eq. (26), we have 4α
2 sin2 k = t2⊥− (ξ2k + 1)h2 + o(h2). Substituting this into Eq. (25), we
get ξ2k = (Ω
2 −∆2)(1− h2) + o(h2), yielding the following relation for the chemical potential:
µ(h) = −2t cos k − ξk = µ± 1
2
[ξk,0 +
t(ξ2k,0 + 1)
2α2
]h2 + o(h2). (27)
Here µ is the chemical potential without adding the Zeeman field, and ξ2k,0 = Ω
2 − ∆2 (Eq. (5) in the main text).
Now using the LDA and taking the derivative on both sides of Eq. (27), we can get the following relation:
δx = ± [ξk,0 +
t(ξ2k,0+1)
2α2 ]h
2
4ω2xx0
, (28)
which determines the shifting of the spatial phase boundary by applying a small Zeeman field. Here the + and −
signs correspond to the right- and left-moving zero modes, respectively. The above analysis clearly shows δx ∼ h2,
explaining the slow initial splitting rate of MKP. This point has also been verified directly from our LDOS results.
